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Abstract
In this paper, for a Jacobi algebroid (A, ρ), by introducing the notion of Jacobi quasi-Nijenhuis
algebroids, which is a generalization of Poisson quasi-Nijenhuis manifolds introduced in [31] by Stie´non
and Xu, we study generalized complex structures on the Courant-Jacobi algebroid A ⊕ A∗, which
unify generalized complex (contact) structures on an even(odd)-dimensional manifold.
1 Introduction
The notion of Poisson quasi-Nijenhuis manifolds was introduced in [31] by Stie´non and Xu. In [1], the
author studied Poisson quasi-Nijenhuis structures with background. One can study generalized complex
structures in term of Poisson quasi-Nijenhuis structures. Generalized complex structures were introduced
by Hitchin [15] and further studied by Gualtieri [14] as a bridge of symplectic and complex structures.
Note that only on even-dimensional manifolds, there are generalized complex structures. In [19], Iglesias-
Ponte and Wade gave the odd-dimensional analogue of the concept of generalized complex structures
under the name of generalized contact structures.
Jacobi structures on a manifold M are local Lie algebra structures [20] on C∞(M). It contains a bi-
vector field Λ and a vector field X such that [Λ,Λ] = 2X∧Λ and [X,Λ] = 0. In [18], Iglesias and Marrero
introduced the notion of generalized Lie bialgebroids in such a way that the base manifold is a Jacobi
manifold. The same object was introduced in [12] by Grabowski and Marmo under the name of Jacobi
bialgebroids. Similar as the fact that the double of a Lie bialgebroid is a Courant algebroid, the double
of a generalized Lie bialgebroid (Jacobi bialgebroid) is a generalized Courant algebroid (Courant-Jacobi
algebroid). These topics are widely studied [2], [3], [4], [11], [12], [13], [18], [26], [27], [28].
In this paper, for a Jacobi algebroid (A, ρ), we study Jacobi quasi-Nijenhuis structures. As an applica-
tion, we study generalized complex structures on the Courant-Jacobi algebroid A⊕A∗, which unify gener-
alized complex structures on an even-dimensional manifold and generalized contact structures on an odd-
dimensional manifold. By definition, a Jacobi quasi-Nijenhuis algebroid is a quadruple ((A, ρ), pi,N, φ),
where (A, ρ) is a Jacobi algebroid, pi ∈ Γ(∧2A) is a Jacobi bi-vector field, N ∈ Γ(A∗ ⊗ A) is compatible
with pi, and φ ∈ Γ(∧3A∗) satisfying dφ = 0 and d(iNφ) = 0, such that the Nijenhuis torsion T (N) of N
can be expressed as
T (N)(X,Y ) = pi♯(iX∧Y φ), ∀ X,Y ∈ Γ(A).
We generalize some well known results and formulas which hold in the case of Poisson quasi-Nijenhuis
manifolds. The biggest obstruction is that in the frame work of “Jacobi” world, the differential and the
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Lie derivative are no longer derivations with respect to the wedge product, ∧. A Generalized complex
structure is defined in the usual way, it is a bundle map J : A⊕A∗ −→ A⊕A∗ preserving the canonical
pairing and satisfying J 2 = −Id as well as the integrability condition, which is expressed in term of
the Courant-Jacobi bracket. Since the usual Courant algebroid and E1(M) are special Courant-Jacobi
algebroids, thus it unifies generalized complex structures on an even-dimensional manifold and generalized
contact structures on an odd-dimensional manifold.
The paper is organized as follows. In Section 2 we proved that there is a one-to-one correspondence
between quasi-Jacobi bialgebroids and quasi-Manin triples. In Section 3 we introduce the notion of
Jacobi quasi-Nijenhuis algebroids and give the relation with quasi-Jacobi bialgebroids. In Section 4 we
study generalized complex structures on the Courant-Jacobi algebroid A ⊕ A∗. We prove that there
is also a one-to-one correspondence between generalized complex structures and Jacobi quasi-Nijenhuis
algebroids satisfying a homomorphism condition. In Section 5 we study generalized complex structures on
TM⊕T ∗M for an even-dimensional manifoldM and we will see that how a conformal symplectic structure
is involved in a generalized complex structure. In Section 6 we study generalized complex structures on
E1(M) for an odd-dimensional manifold M . Since (TM ⊕R, Id) is a natural Jacobi algebroid, we recover
the notion of generalized contact structures introduced in [19]. Some examples are also discussed.
Notations: We denote the usual Lie bracket of vector fields or the Lie bracket on a Lie algebroid by
[·, ·], the bracket of the Schouten-Jacobi algebra decided by a Jacobi algebroid by J·, ·K, the bracket on a
Courant-Jacobi algebroid by ⌈·, ·⌉. d is the usual deRham differential or the differential associated with
a Lie algebroid. d is the differential associated with a Jacobi algebroid. For any X ∈ Γ(A), where (A, ρ)
is a Jacobi algebroid, LX is the usual Lie derivative decided by the Lie algebroid structure and LX is the
Lie derivative decided by the Jacobi algebroid structure. 1 is the constant function with the value 1. Id
is the identity map if there is no special explanation.
Acknowledgements: We would like to give our special thanks to Zhangju Liu for very helpful
comments and also give our warmest thanks to Chenchang Zhu for the help during we stayed in Courant
Research Center, Go¨ttingen, where a part of work was done. We also give our warmest thanks to the
referees for many helpful suggestions and pointing out typos and erroneous statements.
2 Quasi-Manin triples
A Lie algebroid over a manifold M is a vector bundle A −→ M together with a Lie bracket [·, ·] on
the section space Γ(A) and a bundle map a : A −→ TM , called the anchor, satisfying the compatible
condition:
[X, fY ] = f [X,Y ] + a(X)(f)Y, ∀ X, Y ∈ Γ(A), f ∈ C∞(M).
We usually denote a Lie algebroid by (A, [·, ·], a), or A if there is no confusion. For a (1, 1)-tensor
N ∈ Γ(A∗ ⊗A), the Nijenhuis torsion T (N) : ∧2A −→ A is defined by
T (N)(X,Y ) = [NX,NY ]−N([NX,Y ] + [X,NY ]−N [X,Y ]), ∀ X,Y ∈ Γ(A). (1)
If T (N) = 0, N is called a Nijenhuis operator on the Lie algebroid A. We can also introduce a new
bracket [·, ·]N on Γ(A) which is defined as follows:
[X,Y ]N = [NX,Y ] + [X,NY ]−N [X,Y ], ∀ X,Y ∈ Γ(A). (2)
If N is a Nijenhuis operator, [·, ·]N is also a Lie bracket and N is a Lie algebroid morphism from Lie
algebroid (A, [·, ·]N , a ◦N) to Lie algebroid (A, [·, ·], a).
For any pi ∈ Γ(∧2A) and σ ∈ Γ(∧2A∗), pi♯ : A∗ −→ A and σ♭ : A −→ A
∗ are given by
pi♯(ξ)(η) = pi(ξ, η), σ♭(X)(Y ) = σ(X,Y ), ∀ ξ, η ∈ Γ(A
∗), ∀ X,Y ∈ Γ(A).
For any N ∈ Γ(A∗ ⊗A) and pi ∈ Γ(∧2A), piN ∈ Γ(∧
2A) is defined by
piN (ξ, η) = η(Npi
♯(ξ)), ∀ ξ, η ∈ Γ(A∗).
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A Jacobi algebroid is a Lie algebroid (A, [·, ·], a) together with a 1-cocycle φ0 ∈ Γ(A
∗) and we denote
it by (A, φ0). There is a φ0-bracket [·, ·]φ0 on Γ(∧
•A), which is given by
[P,Q]φ0 = [P,Q] + (−1)
p+1(p− 1)P ∧ iφ0Q− (q − 1)iφ0P ∧Q, (3)
for any P ∈ Γ(∧pA) and Q ∈ Γ(∧qA). The φ0-differential d
φ0 and the φ0-Lie derivative L
φ0
X [18] are
defined by
dφ0c = dc+ φ0 ∧ c, L
φ0
X = iXd
φ0 + dφ0iX .
In fact, a Jacobi algebroid (A, φ0) is equivalent to the Lie algebroid (A, [·, ·], a) together with a represen-
tation ρ : A −→ D(M ×R) on the trivial line bundle M ×R, where D(M ×R) is the gauge Lie algebroid
of M × R. The representation is given by
ρ(u)(f) = a(u)f + φ0(u)f, ∀ u ∈ Γ(A), f ∈ C
∞(M) = Γ(M × R). (4)
One can easily prove that ρ is a representation if and only if φ0 is a 1-cocycle. More generally we have
Lemma 2.1. For any θ ∈ Γ(A∗⊗(M×gl(n))), i.e. gl(n)-valued 1-form on A, ρ = a+θ is a representation
on M × Rn if and only if θ satisfies the Maurer-Cartan equation, more precisely,
dθ +
1
2
[θ ∧ θ] = 0.
Proof. By straightforward computations, we have
[ρ(X), ρ(Y )] = [a(X) + θ(X), a(Y ) + θ(Y )]
= [a(X), a(Y )] + [θ(X), θ(Y )] + a(X)θ(Y )− a(Y )θ(X)
On the other hand, ρ([X,Y ]) = a([X,Y ]) + θ([X,Y ]), therefore, after comparing the values in TM and
M × gl(n), we obtain the required result.
Conversely, for the Lie algebroid (A, [·, ·], a) and a representation ρ : A −→ D(M × R), denote by
d : Γ(∧•A∗) −→ Γ(∧•+1A∗) the associated differential operator, i.e.
dc(X0, · · · , Xk) =
k∑
i=0
(−1)iρ(Xi)c(X0, · · · , X̂i, · · · , Xk)
+
∑
i<j
(−1)i+jc([Xi, Xj ], X0, · · · , X̂i, · · · , X̂j , · · · , Xk). (5)
Then we can obtain a 1-cocycle d1 ∈ Γ(A∗). Obviously, if the representation ρ is given by (4), then
φ0 = d1, dω = dω + φ0 ∧ ω, ∀ ω ∈ Γ(∧
kA∗).
Therefore, we have d = dφ0 , the φ0-differential. Consequently for any X ∈ Γ(A), we can define the Lie
derivative LX : Γ(∧
kA∗) −→ Γ(∧kA∗) by Cantan formula:
LX = iX ◦ d+ d ◦ iX .
Obviously, we have LXω = LXω + φ0(X)ω, which implies LX = L
φ0
X , the φ0-Lie derivative.
Remark 2.2. We should be very careful that since d is no longer a derivation, LX is not a derivation.
Therefore, the induced Lie derivative LX : Γ(∧
kA) −→ Γ(∧kA) is also not a derivation. This Lie
derivative is exactly the foundation of the φ0-bracket introduced in [18]. Certainly, by this Lie derivative
we can only define the φ0-bracket of a 1-vector field and a k-vector field, and then by some rules one can
obtain the bracket of any l-vector field and any k-vector field, see also [12] and [13] for more details.
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Convention: We denote a Jacobi algebroid by (A, ρ) and the associated Schouten-Jacobi algebra by
(Γ(∧•A), J·, ·K).
The notion of Courant-Jacobi algebroids was introduced in [13]. In [18], the authors proved that
they are the same as generalized Courant algebroids. They are generalizations of Courant algebroids
introduced in [23], see also [29]. In fact, Courant algebroids and Courant-Jacobi algebroids are all special
cases of E-Courant algebroids introduced in [8], where E is a vector bundle.
Definition 2.3. A Courant-Jacobi algebroid is a vector bundle K over M together with
(1) a nondegenerate symmetric bilinear form 〈·, ·〉 on the bundle;
(2) a bilinear operator ◦ on Γ(K) such that (Γ(K), ◦) is a Leibniz algebra;
(3) a bundle map κ : K → TM × R which is a homomorphism into the Lie algebroid of first order
differential operators satisfying the following properties,
(a). 〈Y ◦X,X〉 = 〈Y,X ◦X〉, (b). κ(X)〈Y,Y〉 = 2〈X ◦Y,Y〉.
Definition 2.4. A quasi-Jacobi bialgebroid is a triple ((A, ρ), δ, φ) consisting of a Jacobi algebroid (A, ρ),
a degree 1 derivation δ of the Schouten-Jacobi algebra (Γ(∧•A), J·, ·K) and an element φ ∈ Γ(∧3A) such
that δ2 = Jφ, ·K and δφ = 0.
Definition 2.5. A quasi-Manin triple is a triple (K, A,B), where K is a Courant-Jacobi algebroid, A ⊂ K
is a Dirac structure and B is its transversal isotropic complement.
Remark 2.6. In [27], the notion of quasi-Jacobi bialgebroids has already been introduced, which is mo-
tivated by [30]. Our definition is motivated by [16]. One can easily recover the six conditions in their
definition and some of the constructions are given in the proof of the next theorem.
Theorem 2.7. There is a one-to-one correspondence between quasi-Jacobi bialgebroids and quasi-Manin
triples.
Proof. Let ((A, ρ), δ, φ) be a quasi-Jacobi bialgebroid. Define the bundle map ρ∗ : A
∗ −→ TM ⊕ R by
ρ∗(ξ)(f) = ξ(δ(f)), ∀ ξ ∈ Γ(A
∗), f ∈ C∞(M). (6)
Introduce a bracket [·, ·]∗ on Γ(A
∗) by
[ξ, η]∗(X) = ρ∗(ξ)(η(X))− ρ∗(η)(ξ(X))− δ(X)(ξ, η).
ρ∗ is not a homomorphism but we have
ρ∗[ξ, η]∗ = [ρ∗(ξ), ρ∗(η)] − ρ(φ(ξ, η)).
Therefore, in general, (A∗, [·, ·]∗, ρ∗) is not a Jacobi algebroid. Let κ : A⊕A
∗ −→ TM ⊕R be the bundle
map given by
κ(X + ξ) = ρ(X) + ρ∗(ξ).
Define a bracket ⌈·, ·⌉ on Γ(A⊕A∗) by
⌈X,Y ⌉ = [X,Y ], ∀ X,Y ∈ Γ(A),
⌈ξ, η⌉ = [ξ, η]∗ + φ(ξ, η, ·), ∀ ξ, η ∈ Γ(A
∗),
⌈X, ξ⌉ = iXdξ − iξδ(X) + d(ξ(X)),
⌈ξ,X⌉ = −iXdξ + iξδ(X) + δ(ξ(X)).
Then (A⊕A∗, 〈·, ·〉 , ⌈·, ·⌉ , κ) is a Courant-Jacobi algebroid such that A is a Dirac structure and A∗ is its
transversal isotropic complement.
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Conversely, assume that (K, 〈·, ·〉 , ⌈·, ·⌉ , κ) is a Courant-Jacobi algebroid and A is a Dirac structure
with a transversal isotropic complement B, by using the pairing, we can identify B with A∗. Let ρ = κ|A
be the restriction of κ on A, then (A, ρ) is a Jacobi algebroid. φ ∈ Γ(∧3A) is defined by
φ(ξ, η, γ) = 2 〈⌈ξ, η⌉ , γ〉 , ∀ ξ, η, γ ∈ Γ(B). (7)
Let ρB = κ|B be the restriction of κ to B and [·, ·]B be the bracket on Γ(B) such that
⌈ξ, η⌉ − [ξ, η]B ∈ Γ(A). (8)
Define δ : Γ(∧•A) −→ Γ(∧•+1A) by ρB and the bracket [·, ·]B as (5), then ((A, ρ), δ, φ) is a quasi-Jacobi
bialgebroid.
3 Jacobi quasi-Nijenhuis algebroids
A Jacobi bi-vector field on a Jacobi algebroid (A, ρ) is a bi-vector field pi ∈ Γ(∧2A) satisfying
Jpi, piK = 0.
Remark 3.1. It is called a Jacobi bi-vector field because in the case that A = TM × R and the Lie
algebroid structure on TM × R is given by
[X + f, Y + g] = [X,Y ] +Xg − Y f, ∀ X + f, Y + g ∈ X(M)⊕ C∞(M), (9)
a bi-vector field is a pair (Λ, X), where Λ ∈ X2(M) and X ∈ X(M), and (Λ, X) is a Jacobi bi-vector field
if and only if it is a Jacobi structure on M . See [17] and [4] for more details.
On Γ(A∗), we can introduce a Lie bracket J·, ·Kπ, which is induced by a Jacobi bi-vector field pi:
Jξ, ηKπ = −d(pi(ξ, η)) + Lπ♯(ξ)η − Lπ♯(η)ξ, ∀ ξ, η ∈ Γ(A
∗). (10)
Proposition 3.2. Let (A, ρ) be a Jacobi algebroid, pi ∈ Γ(∧2A) is a Jacobi bi-vector field if and only if
(A∗, ρ ◦ pi♯) is a Jacobi algebroid, where the Lie algebroid structure on A∗ is given by (A∗, J·, ·Kπ , a ◦ pi
♯).
In this case, we have d∗1 = −pi
♯(d1).
Proof. Since we also have the well known formula:
pi♯ Jξ, ηKπ − [pi
♯(ξ), pi♯(η)] =
1
2
Jpi, piK (ξ, η), (11)
it follows that J·, ·Kπ is a Lie bracket if and only if pi is a Jacobi bi-vector field. In this case, it is obvious
that ρ ◦ pi♯ is a representation of the Lie algebroid (A∗, J·, ·Kπ , a ◦ pi
♯). For any ξ ∈ Γ(A), we have
ξ(d∗1) = ρ ◦ pi
♯(ξ)(1) = d1(pi♯(ξ)) = −ξ(pi♯d1),
which implies d∗1 = −pi
♯(d1) and the proof is finished.
Definition 3.3. Let (A, ρ) be a Jacobi algebroid, a Jacobi bi-vector field pi and a (1, 1)-tensor N : A −→ A
are compatible if the following two conditions are satisfied:
N ◦ pi♯ = pi♯ ◦N∗ and C(pi,N) = 0,
where
C(pi,N)(ξ, η) , Jξ, ηKπN − (JN
∗ξ, ηKπ + Jξ,N
∗ηKπ −N
∗ Jξ, ηKπ), ∀ ξ, η ∈ Γ(A
∗). (12)
In the case where N is a Nijenhuis operator, i.e. T (N) = 0, the triple ((A, ρ), pi,N) is said to be a
Jacobi-Nijenhuis algebroid.
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Remark 3.4. The notion of a Jacobi-Nijenhuis algebroid has already appeared in [4], where the author
use the condition Jpi, piN K = 0 instead of C(pi,N) = 0. In fact, if C(pi,N) = 0, we can deduce that
Jpi, piN K = 0, this is given by the next lemma
Lemma 3.5. Let (A, ρ) be a Jacobi algebroid, the Jacobi bi-vector field pi is compatible with the (1, 1)-
tensor N , then we have
Jpi, piN K = 0.
Proof. By (11), we can obtain
Jpi, piN K (ξ, η) = pi
♯ Jξ, ηKπN + pi
♯ ◦N∗ Jξ, ηKπ − [pi
♯(ξ), pi♯(N∗η)]− [pi♯(N∗ξ), pi♯(η)].
If pi and N are compatible, we have
Jξ, ηKπN = JN
∗ξ, ηKπ + Jξ,N
∗ηKπ −N
∗ Jξ, ηKπ .
The conclusion follows from the fact that pi♯ Jξ, ηKπ = [pi
♯(ξ), pi♯(η)].
The degree 0 derivation iN of Γ(∧
•A∗) is defined by
(iNω)(X1, · · · , Xk) =
k∑
i=1
ω(X1, · · · , NXi, · · · , Xk), ∀ ω ∈ Γ(∧
kA∗),
and we obtain a degree 1 differential operator dN : Γ(∧
•A∗) −→ Γ(∧•+1A∗) by the following formula:
dN = iN ◦ d− d ◦ iN .
Definition 3.6. A Jacobi quasi-Nijenhuis algebroid is a quadruple ((A, ρ), pi,N, φ), where (A, ρ)
is a Jacobi algebroid, pi ∈ Γ(∧2A) is a Jacobi bi-vector field, N ∈ Γ(A∗ ⊗ A) is compatible with pi, and
φ ∈ Γ(∧3A∗) satisfying dφ = 0 and d(iNφ) = 0, such that
T (N)(X,Y ) = pi♯(iX∧Y φ), ∀ X,Y ∈ Γ(A). (13)
Theorem 3.7. The quadruple ((A, ρ), pi,N, φ) is a Jacobi quasi-Nijenhuis algebroid if and only if ((A∗, ρ◦
pi♯),dN , φ) is a quasi-Jacobi bialgebroid and dφ = 0, where the Lie algebroid structure on A
∗ is given by
(A∗, J·, ·Kπ , a ◦ pi
♯).
We need the following two lemmas to prove the theorem.
Lemma 3.8. Let (A, ρ) be a Jacobi algebroid. For a Jacobi bi-vector field pi and a (1, 1)-tensor N : A −→
A, the differential operator dN is a derivation of the bracket J·, ·Kπ if and only if pi and N are compatible.
Proof. This lemma is a generalization of Proposition 3.2 in [22], where one only need to prove that it
holds for functions and 1-forms since it is a derivation with respect to the wedge product, ∧. Here one can
prove similarly that dN is a derivation for functions and 1-forms, but since dN is no longer a derivation
with respect to the wedge product, ∧, we can not say that it holds in general directly. But we will see
that the obstruction of dN to be a derivation is controlled by lower degree elements, therefore, we can
still obtain that dN is a derivation. In fact, since dω = dω + d1 ∧ ω, for any P ∈ Γ(∧
pA∗), we have
dNP = dNP + (iNd1) ∧ P. (14)
Thus, for any Q ∈ Γ(∧qA∗), we have
dN (P ∧Q) = (dNP ) ∧Q+ (−1)
pP ∧ dNQ− (iNd1) ∧ P ∧Q.
On the other hand, by Proposition 3.2, for any R ∈ Γ(∧rA∗), we have
JP,Q ∧RKπ = JP,QKπ ∧R+ (−1)
q(p+1)Q ∧ JP,RKπ − (i−π♯(d1)P ) ∧Q ∧R.
6
Therefore, by direct computation, we have
dN JP,Q ∧RKπ − JdNP,QKπ ∧R+ (−1)
p JP,dN (Q ∧R)Kπ
=
(
dN JP,QKπ − JdNP,QKπ + (−1)
p JP,dNQKπ
)
∧R
+(−1)p(q+1)Q ∧
(
dN JP,RKπ − JdNP,RKπ + (−1)
p JP,dNRKπ
)
−
(
dN JP,1Kπ − JdNP,1Kπ + (−1)
p JP,dN1Kπ
)
∧Q ∧R.
This completes the proof.
Lemma 3.9. Let (A, ρ) be a Jacobi algebroid. A Jacobi bi-vector field pi and a (1, 1)-tensor N are
compatible. Then d2N = Jφ, ·Kπ is equivalent to (13) and pi
♯ ◦ (dφ)♭ = 0, where (dφ)♭ : ∧
3A −→ A∗ is the
bundle map defined by (dφ)♭(X,Y, Z) = iX∧Y∧Zdφ.
Proof. By similar computations as in [31], we can easily obtain d2N − Jφ, ·Kπ vanishes on 0- and exact
1-forms if and only if T (N)(X,Y ) = pi♯(iX∧Y φ) and pi
♯ ◦ (dφ)♭ = 0. But we should be very careful that
d
2
N and Jφ, ·Kπ are no longer derivations with respect to the wedge product, ∧, next we prove that we
can still get d2N = Jφ, ·Kπ. By (14), for any P ∈ Γ(∧
pA∗), Q ∈ Γ(∧qA∗), we have
d
2
N(P ∧Q) = (d
2
NP ) ∧Q+ P ∧ (d
2
NQ)− (dN iNd1) ∧ P ∧Q.
On the other hand, we have
Jφ, P ∧QK = Jφ, P K ∧Q+ P ∧ Jφ,QK− (i−π♯(d1)φ) ∧ P ∧Q.
We only need to show
iπ♯(d1)φ = −dN iNd1.
By direct computation, for any X,Y ∈ Γ(A), we have
iπ♯(d1)φ(X,Y ) = φ(X,Y )(pi
♯(d1)) = −d1(pi♯(φ(X,Y ))),
dN iNd1(X,Y ) = NXd1(NY )−NY d1(NX)− d1(N [X,Y ]N )
= d1([NX,NY ]−N [X,Y ]N ) = d1(pi
♯(φ(X,Y ))).
This completes the proof.
The proof of Theorem 3.7: By Proposition 3.2, pi is a Jacobi bi-vector field is equivalent to that
(A∗, ρ ◦ pi♯) is a Jacobi algebroid. By Lemma 3.8, dN is a derivation is equivalent to pi and N are
compatible. If d(iNφ) = 0 and dφ = 0, we have dNφ = iNdφ−diNφ = 0. Conversely, if dNφ = dφ = 0,
we have diNφ = 0. By Lemma 3.9, the proof is finished.
Theorem 3.10. Let ((A, ρ), pi,N, φ) be a Jacobi quasi-Nijenhuis algebroid, then we have
JpiN , piN K (ξ, η) = −2pi
♯(iπ♯(ξ)∧π♯(η)φ).
Proof. By (11), for any ξ, η ∈ Γ(A∗), we have
1
2
JpiN , piN K (ξ, η) = N ◦ pi
♯
(
JN∗ξ, ηKπ + Jξ,N
∗ηK− (Lπ♯(ξ)N
∗η − Lπ♯(η)N
∗ξ − dpi(N∗ξ, η))
)
−pi♯[N∗ξ,N∗η]π
= N ◦ pi♯
(
JN∗ξ, ηKπ + Jξ,N
∗ηKπ −N
∗ Jξ, ηKπ
)
− pi♯[N∗ξ,N∗η]π
= −T (N)(pi♯(ξ), pi♯(η))
= −pi♯(iπ♯(ξ)∧π♯(η)φ).
The second equality holds is because C(pi,N) = 0. Since pi is a Jacobi bi-vector field, we get the third
equality. The last equality follows from the definition of a Jacobi quasi-Nijenhuis algebroid.
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4 Generalized complex structures
Let (A, ρ) be a Jacobi algebroid. There is a natural pairing 〈·, ·〉 on A⊕A∗ which is given by
〈X + ξ, Y + η〉 =
1
2
(
ξ(Y ) + η(X)
)
, ∀ X,Y ∈ Γ(A), ξ, η ∈ Γ(A∗). (15)
and we can introduce a bracket on the section space Γ(A)⊕ Γ(A∗) which is given by
⌈X + ξ, Y + η⌉ = [X,Y ] + LXη − LY ξ + d(ξ(Y )). (16)
Obviously, (A⊕A∗, 〈·, ·〉 , ⌈·, ·⌉ , ρ) is a Courant-Jacobi algebroid, where ρ(X + ξ) = ρ(X). In this section
we study generalized complex structures on this Courant-Jacobi algebroid and we will see that they are
related with Jacobi quasi-Nijenhuis algebroids in the same way as how generalized complex structures on
a manifold are related with Poisson quasi-Nijenhuis structures. In the following two sections, we will see
that generalized complex structures on this Courant-Jacobi algebroid unify the usual generalized complex
structures on an even-dimensional manifold and generalized contact structures on an odd-dimensional
manifold.
Definition 4.1. A generalized complex structure on the Courant-Jacobi algebroid (A⊕A∗, 〈·, ·〉 , ⌈·, ·⌉ , ρ)
is a bundle map J : A⊕A∗ −→ A⊕A∗ satisfying the algebraic properties
J 2 = −Id, 〈J u,J v〉 = 〈u, v〉 , ∀ u, v ∈ Γ(A)⊕ Γ(A∗) (17)
and the integrability condition
⌈J u,J v⌉ − ⌈u, v⌉ − J (⌈J u, v⌉+ ⌈u,J v⌉) = 0, (18)
where 〈·, ·〉 and ⌈·, ·⌉ are given by (15) and (16) respectively.
By (17), J must be of the form
J =
(
N pi♯
σ♭ −N
∗
)
, (19)
where pi ∈ Γ(∧2A), σ ∈ Γ(∧2A∗), N ∈ Γ(A∗ ⊗A), in which the following conditions are satisfied:
N ◦ pi♯ = pi♯ ◦N∗, N2 + pi♯ ◦ σ♭ = −Id, N
∗ ◦ σ♭ = σ♭ ◦N.
Similar as the proof of Proposition 2.2 in [9], we have
Proposition 4.2. For any generalized complex structure J given by (19) on the Courant-Jacobi algebroid
(A⊕A∗, 〈·, ·〉 , ⌈·, ·⌉ , ρ), pi is a Jacobi bivector field. Thus there is an induced Jacobi structure on the base
manifold M .
Remark 4.3. The author gives his warmest thanks to the referee for pointing out this fact.
We deform a Courant-Jacobi algebroid using a bundle map J . More precisely, we introduce a new
inner product 〈·, ·〉
J
, a new bracket ⌈·, ·⌉
J
and a new anchor ρJ by
〈u, v〉
J
= 〈J u,J v〉 ,
⌈u, v⌉
J
= ⌈J u, v⌉+ ⌈u,J v⌉ − J ⌈u, v⌉ ,
ρJ = ρ ◦ J .
Proposition 4.4. Let J : A ⊕ A∗ −→ A ⊕ A∗ be a bundle map given by (19), then J is a generalized
complex structure if and only if (A ⊕ A∗, 〈·, ·〉
J
, [·, ·]J , ρJ ) is a Courant-Jacobi algebroid such that J is
a Courant-Jacobi algebroid morphism from (A⊕A∗, 〈·, ·〉
J
, ⌈·, ·⌉
J
, ρJ ) to (A⊕A
∗, 〈·, ·〉 , ⌈·, ·⌉ , ρ).
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Proof. If J given by (19) is a generalized complex structure, first we note that 〈·, ·〉
J
= 〈·, ·〉. ⌈·, ·⌉
J
is
still a Leibniz bracket follows from (18). Also by (18), for any u, v ∈ Γ(A⊕A∗), we have
ρJ (⌈u, v⌉J ) = ρ ◦ J ⌈u, v⌉J = ρ ⌈J u,J v⌉ = [ρ ◦ J u, ρ ◦ J v] = [ρJ u, ρJ v],
which implies ρJ is a homomorphism. Next we verity that the conditions (a), (b) in Definition 2.3 are
satisfied. Since J preserves the inner product 〈·, ·〉, we have
〈
⌈u, v⌉
J
, v
〉
=
〈
J ⌈u, v⌉
J
,J v
〉
= 〈⌈J u,J v⌉ ,J v〉 = 〈J u, ⌈J v,J v⌉〉 =
〈
J u,J ⌈v, v⌉
J
〉
=
〈
u, ⌈v, v⌉
J
〉
,
which implies that Condition (a) in Definition 2.3 is satisfied. Similarly, we have
ρJ (u) 〈v, v〉 = ρ(J u) 〈J v,J v〉 = 2 〈⌈J u,J v⌉ ,J v〉 = 2
〈
J ⌈u, v⌉
J
,J v
〉
= 2
〈
⌈u, v⌉
J
, v
〉
,
which implies that Condition (b) is satisfied. Thus (A ⊕ A∗, 〈·, ·〉
J
, ⌈·, ·⌉
J
, ρJ ) is a Courant-Jacobi
algebroid. Furthermore, J is a Courant-Jacobi algebroid morphism from Courant-Jacobi algebroid (A⊕
A∗, 〈·, ·〉
J
, ⌈·, ·⌉
J
, ρJ ) to (A⊕A
∗, 〈·, ·〉 , ⌈·, ·⌉ , ρ) is obvious. The converse part is straightforward and the
proof is completed.
Theorem 4.5. Let J : A⊕A∗ −→ A⊕A∗ be a bundle map given by (19). Then (A⊕A∗, 〈·, ·〉
J
, [·, ·]J , ρJ )
is a Courant-Jacobi algebroid if and only if ((A, ρ), pi,N,dσ) is a Jacobi quasi-Nijenhuis algebroid.
Proof. One can easily see that for all X,Y ∈ Γ(A) and ξ, η ∈ Γ(A∗), we have
[X,Y ]J = [X,Y ]N + dσ(X,Y, ·),
[ξ, η]J = Jξ, ηKπ ,
[X, ξ]J = [X, pi
♯(ξ)]− pi♯LXξ + LNXξ − LX(N
∗ξ) +N∗LXξ,
[ξ,X ]J = −[X, ξ]J − Jd(ξ(X)).
Therefore, if (A ⊕ A∗, 〈·, ·〉
J
, [·, ·]J , ρJ ) is a Courant-Jacobi algebroid, A
∗ is a Dirac structure, and A
is its isotropic transversal complement. By Theorem 2.7, we obtain a quasi-Jacobi bialgebroid. More
precisely, we have
ρA = ρ ◦N, [·, ·]A = [·, ·]N , δ = dN , φ = dσ,
and the quasi-Jacobi bialgebroid is given by ((A∗, ρ ◦ pi♯),dN ,dσ), or equivalently ((A, ρ), pi,N,dσ) is a
Jacobi quasi-Nijenhuis algebroid.
Conversely, assume ((A, ρ), pi,N,dσ) is a Jacobi quasi-Nijenhuis algebroid, then ((A∗, ρ◦pi♯),dN ,dσ) is
a quasi-Jacobi bialgebroid and its double is a Courant-Jacobi algebroid, denote by E. It is straightforward
to see that E is isomorphic to (A⊕A∗, 〈·, ·〉
J
, ⌈·, ·⌉
J
, ρJ ).
By Proposition 4.4 and Theorem 4.5, we have
Theorem 4.6. Let (A, ρ) be a Jacobi algebroid. Assume that J : A ⊕ A∗ −→ A ⊕ A∗ is a bundle
map given by (19), then J is a generalized complex structure is equivalent to that ((A, ρ), pi,N,dσ) is
a Jacobi quasi-Nijenhuis algebroid such that J is a Courant-Jacobi algebroid morphism from Courant-
Jacobi algebroid (A⊕A∗, 〈·, ·〉
J
, ⌈·, ·⌉
J
, ρJ ) to (A⊕A
∗, 〈·, ·〉 , ⌈·, ·⌉ , ρ), where the first one corresponds to
the quasi-Jacobi bialgebroid ((A∗, ρ ◦ pi♯),dN ,dσ).
5 Generalized complex structures on TM
In this section, we consider the case where the vector bundle A is the tangent bundle TM of a manifold
M . Since the tangent Lie algebroid is a special Jacobi algebroid, it follows that generalized complex
structures on a manifold M is a special case of what we discussed in the last section. Next we first
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recall the notion of generalized complex structures on a manifold M and then we deform the tangent Lie
algebroid to be a Jacobi algebroid and study its generalized complex structures. Consider the generalized
tangent bundle
TM := TM ⊕ T ∗M,
on its section space Γ(TM), there is a well known Dorfman bracket, explicitly,
[X + ξ, Y + η] = [X,Y ] + LXη − LY ξ + d(ξ(Y )), ∀ X + ξ, Y + η ∈ Γ(T ). (20)
Definition 5.1. A generalized complex structure on a manifold M is a bundle map J : TM −→ TM
satisfying the algebraic properties:
J 2 = −Id and 〈J (u),J (v)〉 = 〈u, v〉
and the integrability condition:
[J (u),J (v)]− [u, v]− J
(
[J (u), v] + [u,J (v)]
)
= 0, ∀ u, v ∈ Γ(T ).
We consider the bracket (20) deformed by a 1-cocycle φ0 in the deRham cohomology. More precisely,
the new bracket ⌈·, ·⌉ is given by
⌈X + ξ, Y + η⌉ = [X,Y ] + LXη − LY ξ + d(ξ(Y )) + (iXφ0)η − iY (φ0 ∧ ξ). (21)
It is easy to see that (Γ(TM), ⌈·, ·⌉) is still a Leibniz algebra, but it is not a Courant algebroid since
⌈X + ξ, Y + η⌉ = d(ξ(Y )) + ξ(Y )φ0.
In fact, φ0 decides a representation ρ : TM −→ TM ⊕ R which is given by
ρ(X) = X + φ0(X). (22)
Now (TM, ρ) is a Jacobi algebroid. We rewrite (21) as
⌈X + ξ, Y + η⌉ = [X,Y ] + LXη − LY ξ + d(ξ(Y )). (23)
Therefore, we obtain a Courant-Jacobi algebroid (TM, 〈·, ·〉 , ⌈·, ·⌉ , ρ), where 〈·, ·〉 , ⌈·, ·⌉ , ρ are given by
(15), (23) and (22) respectively.
Proposition 5.2. With the above notations, consider generalized complex structures of the Courant-
Jacobi algebroid (TM, 〈·, ·〉 , ⌈·, ·⌉ , ρ), we have
(1). For any N : TM −→ TM which is a Nijenhuis operator and satisfies N2 = −Id,
(
N 0
0 −N∗
)
is
a generalized complex structure.
(2). For any ω ∈ Ω2(M),
( 0 −ω−1
ω 0
)
is a generalized complex structure if and only if dω = 0.
(3). For a (1, 1)-tensor N satisfying N2 = −Id and pi ∈ X2(M),
(
N pi
0 −N∗
)
is a generalized complex
structure if and only if
N ◦ pi♯ = pi♯ ◦N∗,
[pi♯(ξ), pi♯(η)] = pi♯ Jξ, ηKπ ,
N∗(Jξ, ηKπ) = Lπ♯(ξ)(N
∗η)− Lπ♯(η)(N
∗ξ)− dpi(N∗ξ, η),
where Jξ, ηKπ is given by (10).
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Corollary 5.3. If we write (2) and (3) in the above proposition in term of φ0, we have
(1). For any nondegenerate conformal symplectic structure (φ0, ω), i.e. ω ∈ Ω
2(M) is nondegenerate
and satisfies dω = φ0 ∧ ω,
( 0 −ω−1
ω 0
)
is a generalized complex structure.
(2). For a (1, 1)-tensor N satisfying N2 = −Id and pi ∈ X2(M) satisfying
N ◦ pi♯ = pi♯ ◦N∗,
[pi♯(ξ), pi♯(η)] = pi♯[ξ, η]π +
1
2
iφ0(pi ∧ pi)(ξ, η) = 0,
N∗([ξ, η]π + pi(η, ξ)φ0) = Lπ♯(ξ)(N
∗η)− Lπ♯(η)(N
∗ξ)− dpi(N∗ξ, η) + pi(η,N∗ξ)φ0,
(
N pi
0 −N∗
)
is a generalized complex structure, where [ξ, η]π is given by
[ξ, η]π = Lπ♯(ξ)η − Lπ♯(η)ξ − dpi(ξ, η).
Remark 5.4. By (1) in Proposition 5.2, we can see that there are some generalized complex structures
which are stable when the bracket is deformed by (21). By (2), we see that how a conformal symplectic
structure on a manifold relates with a generalized complex structure.
6 Generalized complex structures on E1(M)
Note that only even-dimensional manifolds can have generalized complex structures. In [19], the authors
give the odd-dimensional analogue of the concept of generalized complex structures. Denote (TM ⊕R)⊕
(T ∗M ⊕ R) by E1(M), and there is a natural bilinear form 〈·, ·〉 on E1(M) defined by:
〈
(X1, f1) + (α1, g1), (X2, f2) + (α2, g2)
〉
=
1
2
(
α2(X1) + α1(X2) + f1g2 + f2g1
)
. (24)
There is also a bracket which is given by
⌈(X1, f1) + (α1, g1), (X2, f2) + (α2, g2)⌉
= ([X1, X2], X1f2 −X2f1) + L˜(X1,f1)(α2, g2)− i(X2,f2)d˜(α1, g1). (25)
For more information about L˜ and d˜, see [19].
Definition 6.1. A generalized contact structure on a (2n+1)-dimensional manifold M is a bundle map
J : E1(M) −→ E1(M) satisfying the algebraic properties:
J 2 = −Id and 〈J (u),J (v)〉 = 〈u, v〉
and the integrability condition:
⌈J (u),J (v)⌉ − ⌈u, v⌉ − J
(
⌈J (u), v⌉+ ⌈u,J (v)⌉
)
= 0, ∀ u, v ∈ Γ(E1(M)).
Here, 〈·, ·〉 and [·, ·] are given by (24) and (25) respectively.
We know that TM ⊕ R = D(M × R), the covariant differential operator bundle of the trivial line
bundle M ×R. In fact, we also have T ∗M ⊕R = J(M ×R), the first jet bundle of the trivial line bundle
M×R. In [6], the authors proved that for any vector bundle E, the first jet bundle JE may be considered
as an E-dual bundle of DE, i.e.
JE ∼= {ν ∈ Hom(DE,E) | ν(Φ) = Φ ◦ ν(IdE), ∀ Φ ∈ gl(E)} ⊂ Hom(DE,E).
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We can introduce an E-valued pairing (·, ·)E on DE ⊕ JE by
(d+ µ, t+ ν)E =
1
2
(
µ(t) + ν(d)
)
=
1
2
(
〈t, µ〉E + 〈d, ν〉E
)
, ∀ d+ µ, t+ ν ∈ DE ⊕ JE. (26)
Furthermore, for any d ∈ Γ(DE), the Lie derivative Ld : Γ(JE) −→ Γ(JE) is defined by:
〈Ldµ, d
′〉E , d 〈µ, d
′〉E − 〈µ, [d, d
′]D〉E , ∀ µ ∈ Γ(JE), d
′ ∈ Γ(DE).
On the section space Γ(DE ⊕ JE), we can define a bracket as follows
⌈d+ µ, r+ ν⌉ , [d, r]D + Ldν − Lrµ+ dµ(r). (27)
Therefore, we have E1(M) = D(M × R)⊕ J(M × R), and we can rewrite (25) by (27) and (24) by
〈d + µ, t+ ν〉 =
1
2
(
µ(t) + ν(d)
)
, ∀ d+ µ, t+ ν ∈ D(M × R)⊕ J(M × R). (28)
The following proposition is straightforward.
Proposition 6.2. The quadruple (E1(M), 〈·, ·〉, ⌈·, ·⌉ , Id) is a Courant-Jacobi algebroid, where 〈·, ·〉 and
[·, ·] are given by (28) and (27) and Id(d + µ) = d. Therefore, generalized contact structures on an odd
dimensional manifold is exactly generalized complex structures on this Courant-Jacobi algebroid.
Example 6.3. We consider generalized complex structures J of the type
(
N 0
0 −N∗
)
, whereN : TM⊕
R −→ TM ⊕ R is a bundle map. Then the requirements are N2 = −Id and T (N) = 0 which are similar
as the condition of a usual generalized complex structure. More simply, if we consider N =
(
ϕ −Y
η 0
)
,
where ϕ ∈ Γ(T ∗M ⊗ TM), Y ∈ X(M) is a vector field and η ∈ Ω1(M) is a 1-form, then the condition
N2 = −Id is equivalent to (
ϕ2 − η ⊗ Y −ϕ(Y )
η ◦ ϕ −η(Y )
)
= −Id.
Therefore,
η(Y ) = 1, ϕ2 − η ⊗ Y = −Id, (29)
ϕ(Y ) = 0, η ◦ ϕ = 0. (30)
But, we should note that (30) follows from (29). In fact, if η(Y ) = 1 and
ϕ2(X) = −X + η(X)Y, ∀ X ∈ X(M), (31)
first we have ϕ2(Y ) = 0. In (31), substitute X by ϕ(Y ), we obtain ϕ(Y ) = η(ϕ(Y ))Y . Acting by ϕ, we
obtain
0 = ϕ2(Y ) = ϕ(η(ϕ(Y ))Y ) = η(ϕ(Y ))ϕ(Y ) = η(ϕ(Y ))2Y,
which implies η(ϕ(Y )) = 0, and therefore ϕ(Y ) = 0. Thus, (ϕ, Y, η) is an almost contact structure.
Furthermore, by straightforward computations, T (N) = 0 is equivalent to
T (ϕ)(X1, X2) + dη(X1, X2)Y = 0, ∀ X1, X2 ∈ X(M),
which is equivalent to the condition that (ϕ, Y, η) is a normal contact structure, where T (ϕ) is the
Nijenhuis torsion of ϕ, see (1).
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Example 6.4. We consider generalized complex structures J of the type
(
0 Υ
Θ 0
)
, where Θ : TM ⊕
R −→ T ∗M ⊕ R and Υ : T ∗M ⊕ R −→ TM ⊕ R are bundle maps. Evidently, J 2 = −Id implies that
Υ = −Θ−1. J ∗ = −J implies Θ is skew-symmetric. At last, from the integrability condition, we obtain
that d(Θ) = 0. Since Θ is skew-symmetric, we can assume Θ =
(
ω η
−η 0
)
, where ω ∈ Ω2(M) is a
2-form and η ∈ Ω1(M) is a 1-form such that η ∧ ωn 6= 0 to insure that Θ is invertible.
If we let ∂
∂t
as a basis of Γ(M×R) in Γ(TM⊕R), then any d ∈ Γ(TM⊕R) can be write as d = X+f ∂
∂t
for some X ∈ X(M) and f ∈ C∞(M). Dually, any µ ∈ Γ(T ∗M ⊕ R) can be write as µ = ξ + gdt. Then
it is easy to see Θ =
(
ω η
−η 0
)
∈ ∧2Γ(T ∗M ⊕R) is given by ω+dt∧ η. Since the representation of the
Jacobi algebroid TM ⊕ R is the identity map, we have d1 = dt. Thus we have
dΘ = d(ω + dt ∧ η) = dω + dt ∧ (ω − dη).
So dΘ = 0 precisely means that ω− dη = 0, i.e. ω = dη. Since we also have η ∧ ωn 6= 0, it follows that η
is a contact structure.
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